Abstract. We prove a Pohozaev type identity for non-linear eigenvalue equations of the Dirac operator on Riemannian spin manifolds with boundary. As an application, we obtain that the mean curvature H of a conformal immersion S n → R n+1 satisfies ∂ X H = 0 where X is a conformal vector field on S n and where the integration is carried out with respect to the Euclidean volume measure of the image. This identity is analogous to the Kazdan-Warner obstruction that appears in the problem of prescribing the scalar curvature on S n inside the standard conformal class.
Tightly related to the Kazdan-Warner obstruction is the Pohozaev identity. Let Ω be a star-shaped open set of R n (n ∈ N) with smooth boundary. We denote by
If one uses similar methods as in the proof of the Kazdan-Warner obstruction, then one obtains the Pohozaev identity ( [Po65] ) which asserts that:
where ν resp. ∂ ν is the outer normal vector resp. the outer normal derivative on ∂Ω. One among many important consequences of this inequality is that no non-trivial solutions exist if p ≥ 2n n−2 . Another application is an alternative proof of the Kazdan-Warner obstructions in the case that (M, g) is the sphere with the standard conformal structure [DR99] .
In the present short article, we establish a similar identity for the classical Dirac operator D. We derive this identity on manifolds with boundary in order to admit future Pohozaev type applications. Then, we will specialize to compact manifolds without boundary, where we will derive a Kazdan-Warner type obstruction for the mean curvature of a conformal immersion S 2 → R 3 .
Our main theorem is:
Theorem 2. Let (M, g, χ) be a compact Riemannian spin manifold of dimension n with boundary ∂M (possibly equal to ∅) and with Dirac operator D. We assume that there exists a smooth spinor field ψ which satisfies for some p > 1,
Furthermore, we assume that X is a conformal vector field on M . Then, we have the following Pohozaev type identity:
where ν denotes the outward pointing normal vector along ∂M , and where , denotes the real scalar product on spinors.
Proof:
The flow associated to the conformal vector field X will be denoted as α t . If p is in the interior of M , then α t (p) exists for times t close to 0. For any t ∈ R let f t be the conformal scaling function of α
M be the spinor identification map as constructed in [Ht74, Hi86, BG92] . In particular, this map has the pointwise properties that |α t * (ψ)| = |ψ| and the following transformation formula for conformal changes of the metric. Let ϕ ∈ Γ(ΣM ) be a spinor field. For t close to 0, we then define the map α
whereM is M without an open neighborhood of the boundary.
Then Dα
Now we assume that ψ satisfies (2), and we obtain
Deriving with respect to t at t = 0 yields
where
We reformulate using definition of the Lie derivative of spinor fields in the direction
Together with Dβψ = βDψ + ∇β · ψ and (2) one then concludes that
After multiplication with ψ, the ∇β · ψ-term vanishes, and we obtain
The product rule for the Lie derivative tells us that |ψ| p−2 L X ψ, ψ = 1 2 |ψ| p−2 ∂ X |ψ| 2 = |ψ| p−1 ∂ X |ψ| = 1 p ∂ X |ψ| p .
Hence, we obtain
Strictly speaking, this equation is valid in the interior, but it extends to the boundary by continuity. Now, we integrate over M . With partial integration for the Dirac operator one obtains
